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MOTIVATION
The Yee algorithm [1] is a standard method to numerically solve for the classical elec-
tromagnetic field in arbitrary geometries and for external current and density sources.
The algorithm is based on a finite-difference discretization on a real-space mesh for
the electric field and a shifted mesh in space-time for the magnetic field. However,
since the Maxwell equations have a symplectic structure and are first order in time, it
is possible to transform them, by using the Riemann-Silberstein vector, into a matrix-
spinor representation similar to the Dirac equation [2]. Such a spinor representation is
advantageous for a coupled propagation of Maxwell’s and Schrödinger’s equations.
MAXWELL’S EQUATIONS IN VACUUM IN SCHRÖDINGER FORM
The classical Maxwell’s equations in vacuum are given by
~∇ · ~E = 0 , (1)
~∇ · ~B = 0 , (2)
~∇× ~E = −∂t ~B , (3)
~∇× ~B = µ00∂t ~E . (4)
The equations (1) and (2) and equally (3) and (4) can be combined to one complex
equation. With the definition of the complex Riemann-Silberstein vector for the elec-
tromagnetic field
~F (v)(~r, t) =
√
0/2 ~E(~r, t) + i
√
1/(2µ0) ~B(~r, t) , (5)
the two Maxwell’s equations (1) and (2) are equivalent to
~∇ · ~F (v) = 0 . (6)
The two remaining Maxwell’s equations (3) and (4) can be formulated in terms of the
Riemann-Silberstein vector in equation (5) in the form
i∂t ~F
(v)(~r, t) = c0 ~∇× ~F (v)(~r, t) .
Using the identity of the cross product
~a×~b = −i(~a · ~S)~b with ~S =
(
Sx , Sy , Sz
)
and Sx =
0 0 00 0 −i
0 i 0
 , Sy =
 0 0 i0 0 0
−i 0 0
 , Sz =
 0 −i 0−i 0 0
0 0 0
 ,
where Sx, Sy , and Sz describe spin-1 matrices, we can express Maxwell’s equations
(3) and (4) in a form equivalent to the Schrödinger equation in quantum mechanics
ih¯∂t ~F
(v)(~r, t) = Hˆ(v) ~F (v)(~r, t) with Hˆ(v) = c0
(
S˜ · h¯
i
∇˜
)
. (7)
All important dynamical quantities of the electromagnetic field can be obtained in
terms of bilinear expressions of the complex vector ~F . By analogy with quantum me-
chanics, quantities like the total energy or the momentum of the electromagnetic field
take a form that is reminiscent to quantum mechanical expectation values
E =
∫
d3r ~F ∗(~r) · ~F (~r) , ~P = 1
2ic0
∫
d3r ~F ∗(~r)× ~F (~r) . (8)
Hence, the formulation of Maxwell’s equations given in equation (7) with the con-
straint of (6), has the advantage that standard quantum mechanical algorithms can be
employed to solve Maxwell systems.
MAXWELL’S EQUATIONS IN A MEDIUM IN SCHRÖDINGER FORM
In a similar way Maxwell’s equations in a medium
~∇ · ~D = 0 , (9)
~∇ · ~B = 0 , (10)
~∇× ~E = −∂t ~B , (11)
~∇× ~H = ∂t ~D , (12)
can also be written in a Schrödinger like form, where we use
~D(~r, t) = (~r) ~E(~r, t) and ~H(~r, t) = µ(~r) ~B(~r, t)
for a linear isotropic medium, without free charge and current densities (ρ = 0 and
~j = 0). The electric permittivity (~r) and magnetic permeability µ(~r) now depend
on the position ~r, but are still constant in time. Applying the same operations as in
the vacuum considerations to combine equations (9) with (10) and (11) with (12), it is
not possible to get a Schrödinger like form similar to equations (6) and (7) only with
one Riemann-Silberstein vector ~F . In this case, it is necessary to define two different
Riemann-Silberstein vectors ~F+ and ~F− to fulfill Maxwell’s equations in a medium (9)
- (12)
~F
(m)
± (~r, t) =
√
(~r)/2 ~E(~r, t)± i
√
1/(2µ(~r)) ~B(~r, t) . (13)
In contrast to the three dimensional Maxwell’s equations in Schrödinger form in vac-
uum (6) and (7), the description of Maxwell’s equations in Schrödinger representation
in a medium is described by a six dimensional problem, since it includes both Riemann-
Silberstein vectors (13). Therefore we define a six dimensional SpinorF(m) and the two
auxiliary functions c(~r) and w(~r)
F(m)(~r, t) =
~F (m)+ (~r, t)
~F
(m)
− (~r, t)
 , c(~r) = √ 1
µ(~r)(~r)
, w(~r) =
√
µ(~r)
(~r)
.
Finally, the operatorH(m) for a position dependent medium is given by
Hˆ(m) =
√
c(~r)
[
1 0
0 −1
]
⊗
(
~S · h¯
i
~∇
)√
c(~r) +
h¯c(~r)
2w(~r)
[
0 −i
i 0
]
⊗
(
~S · (~∇w(~r))) ,
and the electromagnetic fields ~E and ~B in a linear isotropic medium without free
charge and current densities are described by the two equations
~∇ · F(m)(~r, t) = 0 , (14)
ih¯∂tF(m)(~r, t) = Hˆ(m) · F(m)(~r, t) . (15)
Comparing this result with the Dirac equation for a relativistic electron theory, we ob-
tain a similar structure for Maxwell’s equations in a medium.
OPERATOR SPLITTING FOR TIME EVOLUTION
Similar as in quantum mechanics, the time-evolution of the electromagnetic field can
be expressed in terms of a time-evolution operator and takes the following form
Uˆ(∆t) = e−
i
h¯
∆tHˆ(m) = e−
i
h¯
∆t(Aˆ+Bˆ) ≈ e− ih¯∆tAˆe− ih¯∆tBˆe 12h¯2 (∆t)
2[Aˆ,Bˆ]
,
where the operatorH(m) can be separated into two operatorsA,B, and the exponential
in U(∆t) is approximated by the Baker-Campbell-Hausdorff formula
Aˆ =
c
(
~S · h¯
i
~∇
)
0
0 −c
(
~S · h¯
i
~∇
)
 ,
[Aˆ, Bˆ] =
[
h¯2
2
~S · ~C 0
0 h¯
2
2
~S · ~C
]
,
Bˆ =
 h¯2i~S · (~∇c) h¯2i cw ~S · (~∇w)
h¯
2i
c
w
~S · (~∇w) − h¯
2i
~S · (~∇c)
 ,
~C =
(
Cx, Cy , Cz) ,
Cζ = (∂ζc)
2 − c ∂2ζ c with ζ ∈ {x, y, z} .
As before, the variables c and w depend on position ~r, but they are constant in time.
NUMERICAL EXAMPLE
To illustrate the electromagnetic time evolution of equation (15) with the split operator
method, we show the electric field propagation in x direction for a light pulse that hits
a medium at x ≥ 40.
The initial electromagnetic field in vacuum moves to the right with a speed of c0.
When the wave reaches the medium one part passes the border of the medium and the
intensity of the electric field and the propagation speed c of the wave in the matter is
reduced compared to the propagation in free space. Another part of the initial wave
is reflected at the border of the medium, also with a lower intensity compared to the
initial signal and travels with the vacuum speed c0.
While the transmitted wave is in phase with the initial wave, the reflected wave shows
a phase shift of pi. This effect is well known from the electric field boundary conditions
of classical electrodynamics. In contrast, there is no phase shift of the reflected magnetic
wave. This is in accord with the magnetic field boundary conditions.
OUTLOOK
Maxwell’s equations in a quantum-mechanical representation suggest to use the time
evolution of the Riemann-Silberstein spinor in equation (15) with constraint (14) to con-
sider coupled Maxwell-Schrödinger systems. An implementation of coupled Maxwell-
Schrödinger systems in the real-time real-space code octopus is currently in prepara-
tion.
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